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This paper extends the decomposition from the group theory based methods of Sasao
and Saraivanov to design binary input multivalued output quantum cascades realized

with optical NOT, SWAP, and Fredkin Gates. We present this method for 3, 5, and 7-

valued outputs, but in general it can be used for odd prime-valued outputs. The method
can be extended to realize hybrid functions with different valued outputs. A class of

local transformations is presented that can simplify the final cascade circuits. Using

these simplifying transformations, we present an upper bound on the maximum number
of gates in an arbitrary n-variable input and k-valued output function.
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1 Introduction

The implementation of reversible logic in the computational industry is considered to be one

of the most promising solutions to reduce power consumption per logical operation, and one

of the major applications of reversible logic is in quantum computing [1, 2, 3]. Continuing

to increase the capacity to transmit and process both quantum and classical information is

necessary in the computational industry. A key solution is derived from Landauer’s prin-

ciple—which was experimentally proved in 2012 [4]—which stipulates a minimum energy

dissipation for each irreversible operation [5, 6]. Achieving Landauer’s limit necessitates the

use of reversible computation, where inputs can be reconstructed from their outputs. As

shown in [7], Landauer’s assumption can be broken through optical interference, acting as a

reversible element. Hence, reversible computing offers the potential to achieve zero dissipation

by preventing entropy loss during computation. Moreover, with computational demand for

reduced power per bit operation, we have to fundamentally revise computer design principles,

transitioning from electron-based to photon-based systems, as it is originally discussed in [1]
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with generative artificial intelligence models and cryptocurrency mining and exchanging [8].

Optical systems, particularly integrated photonics, offer distinct advantages over tradi-

tional electronics. Photons, being massless and traveling at the speed of light, enable faster

data transmission with minimal latency, essential for scaling both quantum and classical sys-

tems. Additionally, optical components support high parallelism, improving the efficiency of

information processing. Photons generate less heat than electrons, reducing power consump-

tion and cooling requirements, making optical systems energy efficient [9].

Furthermore, multivalued logic is said to be the best solution in future all-optical signal

processing systems as it can increase the data-carrying capacities, large information storage,

and high-speed arithmetical operations [10]. With recent emerging technologies such as Rigetti

Aspen, multivalued computers are becoming practical as seen in [11]. It has already been

shown that multivalued logic can efficiently be applied to various optical computation solutions

by using the polarization states of light along with its presence or absence [12, 13, 14, 15]. Our

methodology is designed for optical quantum and non-quantum technologies, not non-optical

technologies.

Potentially, there exist four types of optical reversible or optical reversible quantum cir-

cuits: (1) Functions with binary input and binary output (2) Functions with binary input

and multivalued output (3) Functions with multivalued input and binary output (4) Func-

tions with multivalued input and multivalued output. Several authors have addressed the

problem of minimizing quantum circuits with binary inputs and binary outputs, such as [16,

17, 18, 19, 20] to list just a few. There also exist a few methods to synthesize functions with

multivalued input and binary or multivalued output [19, 21, 22, 23, 24]. These methodologies

were for non-optical technologies.

However, circuits with binary input and multivalued output are the least commonly studied

but are the focus of this paper. There is currently no research on the circuit realization of

binary input and multivalued output quantum circuits, particularly for optical technologies.

We demonstrate our group theory-based methodology using quantum circuits with binary

inputs and 3, 5, or 7 output values, but our method can be easily extended to other radices

of functions. Group theory was previously used to design cascade circuits in [25, 26, 27, 28].

The only gates that we require in the proposed method are binary inverters, single binary-

controlled multivalued-targets Fredkin gates (one control of binary logic and two targets

of multivalued logic), and multivalued SWAP gates. Current optical computing systems

have successfully implemented both binary and multivalued reversible logic and are able to

construct circuits using combinations of CNOT and Fredkin gates [1, 29, 30, 31, 32, 33, 34,

35]. In particular, Figure 6 from [1] shows the basic realization of a Fredkin gate using a

Mach-Zehnder interferometer.

In several other synthesis methods for multivalued quantum circuits as well as in binary

quantum circuits, the number of SWAP gates grows rapidly as presented with examples in

[36]. Because in some modern quantum layouts a qubit, A, has four neighbors, then selecting

this qubit as a target and giving variables x1, x2, x3, x4 as its neighbors, we do not need SWAP

gates to control multivalued qubit A with these four neighbors. Controlling other variables

with these four neighbors may be more difficult and require SWAP gates, but still, the total

number of SWAP gates is smaller for cascades than for other quantum circuit structures

mapped to quantum layouts. While we give here our motivation for multivalued cascades,
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the problem of layout is not further discussed in this paper. The quantum layout problem is

discussed in [36, 37, 38, 39] and the physical implementation of multivalued quantum gates is

further discussed in [10, 40, 41]. More specifically, multivalued Fredkin gates can be efficiently

realized in several quantum technologies, including optical systems, but this paper is devoted

only to optical systems [1, 29, 35, 42, 43, 44].

The fundamental realization of optical reversible circuits is the Fredkin gate [1]. The

multivalued Fredkin Gate is a key stand-alone gate in optical computing and has a fidelity

of 99.75% [1, 30, 45, 46, 47, 48, 49]. It can be used to design 16 Boolean logical operations

and multivalued circuits. As all of the outputs of the 16 circuits have logical states of the 16

Boolean operations, there is no garbage in their design [10].

As compared to the M-S gate, which is a purely theoretical gate, in this paper we introduce

a method to create quantum circuits only using gates that are experimentally realizable on

optical hardware. Yet, note that the ternary Fredkin gate and SWAP gate can also be realized

using Muthukrishnan-Stroud gates (M-S gates) [50, 51, 52, 53]. Decomposing the SWAP gates

into a combination of Fredkin gates and inverters and then decomposing these Fredkin gates

into M-S gates, our methodology can be extended to produce circuits that only require M-

S gates and binary inverters. However, Fredkin gates are much simpler than M-S gates for

higher-level valued logic. Our paper is focused on reversible optical logic and quantum optical

logic, with a focus on multivalued logic, so we do not expand on the extension of decomposing

the Fredkin gates and SWAP gates into M-S gates in the remainder of the paper.

To the best of our knowledge, no optical technology exists that demonstrates the imple-

mentation of a multivalued Toffoli-like gate. Hence, methodologies that synthesize quantum

circuits using multivalued Toffoli-like gates are not practical in optical quantum technolo-

gies. Our approach is unique because it uses Fredkin as a base in contrast to most other

researchers that use Toffoli as a base. An additional advantage of our methodology is that

Fredkin and SWAP gates are of rather similar complexity for different radices, so our method

remains without modification for higher radices. In contrast, for any radix greater than three,

Toffoli gates get increasingly more complicated and are different from one radix to another

and must be individually designed by the user. Additionally, ternary Fredkin and quaternary

Fredkin are quite different in non-optical technologies, while they are very similar in optical

technologies [1].

Again, this methodology applies to multivalued optical technologies but not to ternary

non-optical technologies because it is quite expensive. The ternary realization of the gates

used in this method is cheap in optical technologies but more expensive in other technologies.

Our method is applicable to both multivalued reversible non-quantum logic and multivalued

reversible quantum logic. Although our method relates directly to reversible non-quantum

logic, many quantum algorithms—including Grover’s algorithm and quantum walk—have

oracles realized with reversible quantum logic. These oracles do not use non-permutative

gates. However, they are part of complete quantum algorithms that include truly quantum

gates such as the Hadamard and phase gates.

Please observe that in this paper, we employ the notation of quantum gates used in both

quantum superconducting and optical domains. There are other notations used specifically

for optical domains as in [54, 55].

This paper is organized as follows. In section 2, we introduce group theory and generate
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groups that will be used in our approach. In section 3, we introduce group function decom-

position as well as examples for one, two, and three-variable input circuits. Section 4 lists

the local transformations that are used in our methodology. Section 5 presents additional

examples of our methodology. Section 6 proves an upper bound on the maximum number

of cells and gates in the canonical cascade and quantum circuit respectively in an arbitrary

binary input and multivalued output function using our method.

2 Group Theory

A binary operation is an operation performed on two elements of a set to obtain a third

element in the set. A group, denoted ⟨G, ⋆⟩, is an algebraic structure consisting of a set G

with a binary operation, ⋆, that satisfies the four properties of closure, identity, associativity,

and invertibility.

(i) Closure: a ⋆ b ∈ G for all a, b ∈ G.

(ii) Identity: There exists a unique e ∈ G such that e ⋆ a = a ⋆ e = a for all a ∈ G.

(iii) Associativity: a ⋆ (b ⋆ c) = (a ⋆ b) ⋆ c for all a, b, c ∈ G.

(iv) Invertibility: For all a ∈ G, there exists b ∈ G such that a ⋆ b = b ⋆ a = e where e is the

identity element.

The order of a group is equal to the number of unique elements in its set. An Abelian

group, ⟨G, ⋆⟩, is a commutative group that satisfies g1 ⋆ g2 = g2 ⋆ g1 for all g1, g2 ∈ G. A

cyclic group is a group that is generated by one of its elements, g. For example, the group

⟨g0, g1, g2, g3⟩ where g4 = g0 is a cyclic group of order 4. The dihedral group, denoted Dn,

is a non-Abelian group of order 2n consisting of the rotational and reflectional symmetries

of a regular n-gon. In general, Dn = ⟨a0, a1 . . . an−1, g, ag, a2g . . . an−1g⟩ where an = a0 and

g2 = g0. Dn = Cn×C2 where Ck is the cyclic group of order k. In order to use group functions

to realize logical functions, we must avoid groups in which two different input combinations

can produce the same output value. This means that we need to create groups that are

non-Abelian.

Consider the groups of order 2 through 14. In order for our method to be applicable, we

require a non-Abelian group with two variables and an odd valued output as shown in Table

1. We present a proof for the requirement of an odd valued output in section 3.4.

A proof for the existence of non-Abelian groups in Table 1 can be found in [9, 14]. Hence,

based on the table, the possible groups that can be used in our method are the groups of order

6, 10, and 14, or D3, D5, and D7 respectively, and we will use these groups to demonstrate

our methodology.
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Table 1. Applicability of groups of order two through fourteen.

Order Non-Abelian group? Odd Valued Output? Our Method Applicable?
2 No — No
3 No — No
4 No — No
5 No — No
6 Yes Yes Yes
7 No — No
8 Yes No No
9 No — No
10 Yes Yes Yes
11 No — No
12 Yes No No
13 No — No
14 Yes Yes Yes

2.1 Dihedral Group Generation

2.1.1 Group D3

The group D3 = ⟨a, g : a3 = g2 = e, gag = a−1⟩. The group maps for elements a, g are shown

in Figure 1. The group maps illustrate the behavior of the elements after composing them

with either a or g. For example, when g is composed with g, the resulting element is I.

Fig. 1. Group Maps for elements a, g.

We construct the group D3 using elements a and g with I as the identity element as shown

in Figure 2. Elements I, g and a each have three horizontal rails where each rail represents

a qubit. Element g swaps the bottom two rails, and element a maps the nth rail with the

n+ 1th rail where the bottom rail maps to the first rail.

Fig. 2. D3 elements I, g, a.

We can generate the other elements of this group by composing a and g. For example, a2

can be generated as shown in Figure 3:
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Fig. 3. Element a2.

All the different elements of this group are shown in Figure 4.

Fig. 4. Elements of D3.

Since gag = a−1, a3 = I, and g2 = I,

(ag)g = a(gg) = aI = a.

gag = a−1 = a2.

a2g = (g−1g)a2g = g−1(ga2g) = g−1a−2 = ga.

The complete group map of D3 is shown in Figure 5.

Fig. 5. Group Map of D3.

Note that D3 is non-Abelian as ag ̸= ga.

2.1.2 Group D5

The group D5 can be generated in a similar manner as D3. D5 = ⟨a, g : a5 = g2 = I, gag =

a−1⟩. Elements a and g are shown in Figure 6 where a permutes the nth rail to the n+ 1th

rail and g swaps the nth rail with the p− nth rail when n ̸= 0.
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Fig. 6. D5 elements a, g.

Elements a and g can be repeatedly composed to generate the complete dihedral group of

order 10. The group map of D5 is shown in Figure 7.

Fig. 7. D5 Group Map.

Once again gag = a−1 and ga−1g = a.

2.1.3 Dihedral Group of Order N

In general, the group Dn for arbitrary prime number n can be generated using the elements

a and g such that a permutes the nth rail to the n+ 1th rail where the last rail maps to the

top rail, and g swaps the ith rail with the p− ith rail for all i ̸= 0. The group map of Dn is

illustrated in Figure 8.

Fig. 8. Dn Group Map.
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3 Group Function Decomposition

3.1 Single Input Variable

Let G be a group and B = {0, 1}. Then, F : Bn → G is a group function. By Shannon’s

Expansion [27], a group function F (x) : Bn → D3 decomposes as follows:

F (X̂, xn) = Fa(X̂)gxnFb(X̂)gxn . (1)

Here xn is a two-valued input variable and Fa(X̂) and Fb(X̂) denote group functions that do

not depend on xn with X̂ = (x1, x2, . . . xm−1) ∈ Xm−1. A proof can be found in [9]. This

decomposition is similar to Shannon’s expansion for a classical binary logic function and is

essential in the design of canonical cascades. Figure 9 shows the canonical cascade function

of Eq. (1):

Fig. 9. One Variable Canonical Cascade.

The decomposition indicates that element g needs to be modified so that it can be con-

trolled with a binary input variable. When x = 1, gx swaps the bottom two lines and when

x = 0, gx performs the identity permutation. Figure 10 shows a representation of gx. Note

that the gx element resembles a reversible Controlled SWAP or Fredkin gate.

Fig. 10. Element g modified to gxn so it can be controlled.

Since Fa(X̂) and Fb(X̂) denote arbitrary group functions that do not depend on xn with

X̂ = (x1, x2, . . . xm−1) ∈ Xm−1, we can define them to be functions of the group element a.

More specifically, assume Fa(X̂) = afa(X̂) and Fb(X̂) = afb(X̂) where a is the shift element

from our group.

From Eq. (1) we get

F (X̂, xn) = Fa(X̂)gxnFb(X̂)gxn = afa(X̂)gxnafb(X̂)gxn .

Equivalently,

af(xn) = afa(X̂)gxnafb(X̂)gxn . (2)

Therefore,

F (X̂, 0) = afa(X̂)g0afb(X̂)g0.
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F (X̂, 1) = afa(X̂)g1afb(X̂)g1.

Since g0 = I and gag = a−1, we get

F (X̂, 0) = afa(X̂)+fb(X̂).

F (X̂, 1) = afa(X̂)−fb(X̂).

For convenience, define F (X̂, k) = af(X̂,k) to express the above equations in terms of their

exponents only:

f(X̂, 0) = fa(X̂) + fb(X̂).

f(X̂, 1) = fa(X̂)− fb(X̂).

Converting the above expressions into matrix form we get,[
f(X̂, 0)

f(X̂, 1)

]
=

[
+1 +1
+1 −1

] [
fa(X̂)

fb(X̂)

]

⇒ F⃗ = W1w⃗. (3)

where F⃗ is the truth vector of the function and W1 is the first Walsh Matrix. Walsh transform

as well as matrix representation of this transform are presented in [8, 13, 21, 22, 57]. Note

that fa(X̂) and fb(X̂) represent the exponents of a and literally describe the canonical form

of the circuit cascade. If we let w⃗ =

[
fa(X̂)

fb(X̂)

]
=

[
wa

wb

]
, then wa and wb are the exponents of

a in our cascade. Hence, the canonical cascade can be found by solving Eq. (3) for w⃗ where

w⃗ is the Walsh Spectrum of F⃗ . Multiplying both sides of Eq. (3) by W−1
1 we get,

w⃗ = (W−1
1 F⃗ ). (4)

3.1.1 Examples

Example 1: Consider the function f(x) = x + 1, where + denotes arithmetic addition.

We will use the group D3 to create our cascade. The truth vector for this function is F⃗ =[
f(0)
f(1)

]
=

[
1
2

]
. Hence, from Eq. (4) we have w⃗ = (W−1

1 )F⃗ = (W−1
1 )

[
1
2

]
.

We now compute the inverse of the first Walsh Matrix. Since W1 =

[
+1 +1
+1 −1

]
,

W 2
1 =

[
2 0
0 2

]
= 2

[
1 0
0 1

]
= 2I = 2W1W

−1
1 .

Thus, W−1
1 ≡ −W1 (mod 3). Therefore,

w⃗ = −W1F⃗ =
[
−3 1

]T ≡
[
0 1

]T
(mod 3).

From Eq. (2) we have af(x) = awagxawbgx. Replacing wa and wb with 0 and 1 respectively,

we get

af(x) = a0gxa1gx = gxa1gx.
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The corresponding cascade diagram with the internal structure of the gates is shown in

Figure 11.

Fig. 11. Canonical Cascade for f(x) = x+ 1.

Note that only the top target line is used for the function output and the last g gate does

not affect that line. Hence we can remove the last g gate without changing our output. Hence,

the final expression for this function is gxa−1. The reduced cascade is shown in Figure 12.

Fig. 12. Reduced canonical cascade for f(x) = x+ 1 without final g gate.

We now create the circuit for the expression gxa−1. The truth table for the expression

gxa−1 is shown in Table 2.

Table 2. f(x) = x+ 1 cascade truth table.

x p q r
0 1 0 2
1 2 0 1

When x = 0, 0 and 2 are swapped and then 2 and 1 are swapped. When x = 1, 2 and 0
are swapped. The corresponding circuit diagram is shown in Figure 13.

x

0 p = f(x)

2 q

1 r

Fig. 13. f(x) = x+ 1 circuit

Local Transformations: We now apply local transformations to simplify our cascade. Note
that we can replace the two controlled swap gates on the first and second target wires with a
swap gate. This reduction is shown in Figure 14.
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x

0 p = f(x)

2 q

1 r

Fig. 14. f(x) = x+ 1 reduced circuit

However, we can remove the first swap gate and reorder the input signals from “0, 2, 1“ to
“2, 0, 1.” Then, we can remove the inverter and move the output to the bottom wire. The
final circuit for f(x) = x+ 1 is shown in Figure 15.

x

2 p

0 q

1 r = f(x)

Fig. 15. f(x) = x+ 1 final circuit

3.2 Two Input Variables

Eq. (1) can be extended to two variables:

F (x1, x2) = Fa(x2)g
x1Fb(x2)g

x1

but in this case Fa and Fb are functions of one variable. Figure 16 shows the canonical
cascade:

Fig. 16. Intermediate Cascade for two variable functions.

From section 3.1 we found that a one variable function F can be decomposed as awagxawbgx.
Since Fa and Fb are functions of one variable, we can replace them with awagx2awbgx2 and
awcgx2awdgx2 respectively. The canonical form for all functions with two input variables then
becomes:

af(x1,x2) = ((awagx2awbgx2)gx1)((awcgx2awdgx2)gx1).

The cascade has ten cells and is shown in Figure 17.
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Fig. 17. Cascade for two variable functions after decomposition.

Next we will expand the Walsh matrix to two variables by assigning 0 and 1 to x1 and x2

for all four possible combinations and apply vectors to the exponents as was done in section
3.1 for the single variable case. After applying the property of gag = a−1 from Section 2.1,
the following four equations are derived:

af(0,0) = ((awag0awbg0)g0)((a0gx2a0gx2)g0) = awa+wb+wc+wd

⇒ f(0, 0) = wa + wb + wc + wd.

af(0,1) = ((awag1awbg1)g0)((awcg1awdg1)g0) = (awaa−wb)(awca−wd) = awa−wb+wc−wd

⇒ f(0, 1) = wa − wb + wc − wd.

af(1,0) = ((awag0awbg0)g1)((awcg0awdg0)g1) = (awa+wb)g1(awc+wd)g1 = awa+wb−wc−wd

⇒ f(1, 0) = wa + wb − wc − wd.

af(1,1) = ((awag1awbg1)g1)((awcg1awdg1)g1) = (awaa−wb)g1(awca−wd)g1 = awa−wb−wc+wd

⇒ f(1, 1) = wa − wb − wc + wd.

Putting the above equations in matrix form, we obtain
f(0, 0)
f(0, 1)
f(1, 0)
f(1, 1)

 =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1



wa

wb

wc

wd

 .

Thus, just as in the one variable case, the elements of the w vector in the canonical cascade
can be found using the equation

F⃗ = W2w⃗.

w⃗ = (W−1
2 F⃗ ). (5)

where W2 is the second Walsh matrix. This will be demonstrated in the next section.

3.2.1 Examples

Example 2: Consider the function f(x1, x2) = x1 ⊕ x2, a simple binary XOR function. We

will use D3 to create our cascade. The truth vector for this function is F⃗ =
[
0 1 1 0

]T
.

Hence, from Eq. (5) we have

w⃗ = (W−1
2 )F⃗ = (W−1

2 )


0
1
1
0

 .

We now compute the inverse of the second Walsh Matrix.
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W 2
2 =


4 0 0 0
0 4 0 0
0 0 4 0
0 0 0 4

 = 4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 = 4I2 = 4W2W
−1
2

⇒ W−1
2 ≡ W2 (mod 3).

Thus,

w⃗ = (W−1
2 )F⃗ = W2


0
1
1
0

 =


2
0
0
−2

 ≡


−1
0
0
1

 (mod 3).

w⃗ =


wa

wb

wc

wd

 =


−1
0
0
1

 (mod 3).

The group decomposition expression for two variables in canonical form is

af(x1,x2) = awagx2awbgx2+x1awcgx2awdgx2+x1 .

After replacing the exponents for wa, wb, wc, and wd with the values obtained for w⃗, we have
the following canonical cascade function:

af(x1,x2) = a−1gx2a0gx2+x1a0gx2a1gx2+x1 = a−1gx1+x2a1gx1+x2 .

The corresponding cascade is shown in Figure 18.

Fig. 18. Cascade for f(x1, x2) = x1 ⊕ x2.

Local Transformations: We now apply local transformations to reduce our circuit. Notice
that the last two g gates can be removed as they do not affect the top target wire as shown
in Figure 19.

Fig. 19. Reduced Cascade for f(x1, x2) = x1 ⊕ x2.
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The last a gate can be removed and the output can be moved to the bottom wire, and the
first a gate can be removed and the input signals can be rearranged. The final cascade for f
is shown in Figure 20.

Fig. 20. Final Cascade for f(x1, x2) = x1 ⊕ x2.

The quantum circuit for f is shown in Figure 21.

x1

x2

2

1

0 f(x)

Fig. 21. f(x) = x1 ⊕ x2 circuit

3.3 Three Input Variables

Expression 1 can also be extended to three variables. After decomposition, the following
canonical expression is derived:

af(x1,x2,x3) = [[((awagx3awbgx3 )gx2 )((awcgx3awdgx3 )gx2 )]gx1 ][[((awegx3a
wf gx3 )gx2 )((a

wg gx3awhgx3 )gx2 )]gx1 ]

= awagx3awbgx2+x3awcgx3awdgx1+x2+x3awegx3awf gx2+x3awggx3awhgx1+x2+x3 .

3.3.1 Examples:

Example 3: Let f(x1, x2, x3) = x1+x2+x3, a binary input, ternary output adder using the
group D3. The truth table for f is shown in Table 3:

Table 3. Modulo 3 Adder Truth Table.

x3 x2 x1 f(x1, x2, x3)
0 0 0 0
0 0 1 1
0 1 0 1
0 1 1 2
1 0 0 1
1 0 1 2
1 1 0 2
1 1 1 0

The truth vector for this function is F⃗ = [0, 1, 1, 2, 1, 2, 2, 0]T . The inverse Walsh matrix
W3

−1 ≡ −W3 (mod 3), so

w⃗ = (W3
−1)F⃗ ≡ −W3F⃗ (mod 3)
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= [0, 1, 1, 0, 1, 0, 0, 0]T (mod 3).

Thus,

f(x1, x2, x3) = gx3a1gx2+x3a1gx1+x2a1gx1+x2+x3 .

Since the last g is unused, we can remove it to obtain f(x1, x2, x3) = gx3a1gx2+x3a1gx1+x2a1.
The cascade is shown in Figure 22.

Fig. 22. Canonical Cascade for the modulo three adder of binary arguments, f(x1, x2, x3) =

x1 + x2 + x3.

Local Transformations: The next phase will be to apply local transformations to simplify
the cascade. Consider the first three gates from Figure 22 as shown in Figure 23.

Fig. 23. gx3a1gx3 .

The internal structure of these three gates is shown in Figure 24.

Fig. 24. Internal Structure of gx3a1gx3 .

Using gag = a−1 when the control qubit is 1, the truth table for the function gx3a1gx3 is
shown in Table 4.

Table 4. gx3a1gx3 Truth Table.

x3 p q r
0 1 0 2
1 2 1 0

The binary input, ternary output quantum circuit with binary controlled, ternary Fredkin
gates for gx3a1gx3 is shown in Figure 25.
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x3

0 p

2 q

1 r

Fig. 25. gx3a1gx3 circuit

Note that the second and third controlled swap gates can be removed and replaced with a
single swap gate and an inverter. The reduced circuit is shown in Figure 26.

x3

0 p

2 q

1 r

Fig. 26. Reduced gx3a1gx3 circuit

Similarly, we can simplify the next three gates in our cascade, gx2a1gx2 shown in Figure 27.

Fig. 27. gx2a1gx2 .

The circuit for these three gates is shown in Figure 28.

x2

0 p

2 q

1 r

Fig. 28. Reduced gx2a1gx2 circuit

Now consider the last a1 gate as shown in Figure 29.

Fig. 29. Last a1 gate.
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It can be removed and we can move the output, f(x), to the bottom wire instead as shown
in Figure 30.

Fig. 30. Simplified cascade with output on bottom wire.

Combining our two reduced circuits and adding the circuit for gx1 we obtain the final circuit
for f(x1, x2, x3) = x1 + x2 + x3 in Figure 31.

x1

x2

x3

0 p

2 q

1 r = f(x)

Fig. 31. f(x1, x2, x3) = x1 + x2 + x3 = gx3a1gx2+x3a1gx1+x2a1 circuit

The quantum layout for this circuit is shown in Figure 32.

x2

2

0

x3

x1

1

Fig. 32. Quantum Layout for f(x1, x2, x3) = x1 + x2 + x3

3.4 Proof of Odd Valued Output

We now prove that the group we use must have an odd valued output. From Eq. (4), in
order to determine the Walsh Spectrum of our function, we need to compute the inverse of
the Walsh matrix modulo n where n is our valued output. Since W 2

i = 2iI where I is the
identity matrix, we can write

W 2
i = 2iWiW

−1
i .

Thus, W−1
i ≡ 1

2iWi (mod n). It remains to find the inverse of 2i modulo n. However, a
number, k, only has a multiplicative inverse modulo n if k and n are relatively prime. Hence,
in order for there to exist a multiplicative inverse of 2i modulo n, n must be odd.
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4 Local Transformations

The local transformations applied in our methodology are as follows:

(i) Remove any g gates at the end of the cascade as they do not affect the output wire.

Fig. 33. Removing g gates at the end of the cascade.

(ii) Remove any a gates at the start of the cascade and reorder the input signals.

Fig. 34. Reordering the input wires.

(iii) Remove any a gates at the end of the cascade and move the output to a different wire.

Fig. 35. Changing the output wire.

(iv) Replace any consecutive gxakgx cells with a−k, a NOT gate, and ak. (gxakgx = a−k

when x = 1 and gxakgx = ak when x = 0).

Fig. 36. Reduction of consecutive gxakgx cells with k = −1.
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(v) Replace any consecutive akgxakgx cells with a NOT gate and a2k. (akgxakgx = aka−k =
I when x = 1 and akgxakgx = a2k when x = 0).

Fig. 37. Reduction of consecutive akgxakgx cells with k = −1.

(vi) Replace any consecutive Controlled SWAP gate, a NOT gate, and another Controlled
SWAP gate with a single swap gate

Fig. 38. Reduction of consecutive CSWAP, NOT, CSWAP gates.

(vii) Remove any SWAP gates at the start of the circuit and reorder the inputs of the wires

Fig. 39. Removing swap gates at the beginning of the cascade.

5 Examples for 5 and 7 valued Outputs

Example 4: Let f(x22, x12, x21, x11) = 2(x22 + x21) + (x12 + x11), a two-bit, four binary
input variable, modulo 7 output adder. We will use the group D7 to create the cascade. The
truth table for f is shown in Table 5.
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Table 5. Two-Bit Modulo 7 Adder Truth Table.

x22 x12 x21 x11 F⃗
0 0 0 0 0
0 0 0 1 1
0 0 1 0 2
0 0 1 1 3
0 1 0 0 1
0 1 0 1 2
0 1 1 0 3
0 1 1 1 4
1 0 0 0 2
1 0 0 1 3
1 0 1 0 4
1 0 1 1 5
1 1 0 0 3
1 1 0 1 4
1 1 1 0 5
1 1 1 1 6

The truth vector is F⃗ = [0, 1, 2, 3, 1, 2, 3, 4, 2, 3, 4, 5, 3, 4, 5, 6]T . Since W4
2 = 24I4 ≡ 2I4

(mod 7), W4
−1 ≡ 1

2W4 (mod 7). Thus,

w⃗ = (W4
−1)F⃗ ≡ 1

2
W4F⃗ (mod 7)

= [3, 3,−1, 0, 3, 0, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0]T (mod 7)

After simplification, the canonical cascade is the following:

f = a3gx11a3gx11gx21a−1gx21gx12a3gx21gx22a−1

The canonical cascade circuit diagram for f is shown in Figure 40.

Fig. 40. Reduced Canonical Cascade for two bit modulo 7 adder, f = 2(x22 + x21) + (x12 + x11).

The internal structure of these gates is shown in Figure 41:

Fig. 41. Internal Structure of g and a gates.

Local Transformations: The next phase will be to apply local transformations to simplify
the cascade. Consider the first four cells shown in Figure 42.
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Fig. 42. a3gx11a3gx11 .

Since gag = a−1 when the control qubit is 1, when x11 = 1, the first four gates evaluate
to a3a−3 = I. When the control qubit is 0, the first four gates evaluate to a3a3 = a−1. The
circuit for a3gx11a3gx11 is shown in Figure 43.

Fig. 43. a3gx11a3gx11 circuit

Similarly, we can simplify the three gates shown in Figure 44.

Fig. 44. gx21a−1gx21 .

When x21 = 1, gx21a−1gx21 = a1. When x21 = 0, gx21a−1gx21 = a6. The truth table for
gx21a−1gx21 is shown in Table 6:

Table 6. gx21a−1gx21 Truth Table.

x21 p q r s t u v
0 1 2 3 4 5 6 0
1 6 0 1 2 3 4 5

The circuit for gx21a−1gx21 is shown in Figure 45.
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Fig. 45. gx21a−1gx21 reduced circuit

Next, notice that we can remove the final a−1 gate by moving the output, f(x), to the second
wire.

Fig. 46. Reduced cascade after moving output to the second wire.

Finally using our reduced circuits, we build the complete circuit for f as shown in Figure 47.

x22

x21

x12

x11

0

6 f

5

4

3

2

2

Fig. 47. f(x22, x12, x21, x11) = 2(x22 + x21) + (x12 + x11) Circuit

Example 5: Consider the binary input, modulo 5 output function f with the truth table as
shown in Table 7.
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Table 7. Function Truth Table.

x22 x12 x21 x11 F⃗
0 0 0 0 4
0 0 0 1 3
0 0 1 0 2
0 0 1 1 0
0 1 0 0 3
0 1 0 1 4
0 1 1 0 3
0 1 1 1 1
1 0 0 0 3
1 0 0 1 0
1 0 1 0 2
1 0 1 1 4
1 1 0 0 0
1 1 0 1 4
1 1 1 0 1
1 1 1 1 4

The truth vector is F⃗ = [4, 3, 2, 0, 3, 4, 3, 1, 3, 0, 2, 4, 0, 4, 1, 4]T . Since W4
2 = 24I4 ≡ I4

(mod 5), W4
−1 ≡ W4 (mod 5). Thus,

w⃗ = (W4
−1)F⃗ ≡ W4F⃗ (mod 5)

= [3, 3,−1, 0, 3, 0, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0]T (mod 5).

After simplification, the canonical cascade is the following:

f = a3gx11a3gx11gx21a−1gx21gx12a3gx21gx22a−1.

The canonical cascade circuit diagram for f is shown in Figure 48.

Fig. 48. Reduced Canonical Cascade for f .

Local Transformations: The next phase will be to apply local transformations to simplify
the cascade. Consider the first four gates shown in Figure 49.

Fig. 49. gx11a3gx11 .

Since gag = a−1 when the control qubit is 1, a3ga3g = a3(a−3) = I when x11 = 1. When
x11 = 0, a3ga3g = a6 = a. The circuit for a3gx11a3gx11 is shown in Figure 50.



1306 Synthesis of Binary-Input Multi-Valued Output Optical Cascades

x11

0 p

4 q

3 r

2 s

1 t

Fig. 50. a3gx11a3gx11 reduced circuit

Similarly, we can simplify the three gates shown in Figure 51.

Fig. 51. gx21a−1gx21 .

The truth table for gx21a−1gx21 is shown in Table 8:

Table 8. gx21a−1gx21 Truth Table.

x21 p q r s t
0 4 3 2 1 0
1 1 0 4 3 2

The circuit for gx21a−1gx21 is shown in Figure 52.

x21

0 p

4 q

3 r

2 s

1 t

Fig. 52. gx21a−1gx21 reduced circuit

We can also remove the last a−1 gate and move the output to the second wire. Using our
reduced circuits, we build the final circuit for f as shown in Figure 53.
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x22

x21

x12

x11

2 p

1 q = f

0 r

4 s

3 t

Fig. 53. Circuit for f

Example 6: Consider the function f(x1, x2, x3, x4) = 2(x1 + x3) + (x2 + x4), the two-bit,
four binary input variable, modulo 7 output adder from Eq. (5). We propose another method
to realize this function using the group D3 with multiple outputs. The map of this function
is shown in Figure 54:

00 01 11 10

00

01

11

10

x1, x2

x3, x4

0

1

3

2

1

2

4

3

3

4

6

5

2

3

5

4

Fig. 54. Map for function f(x1, x2, x3, x4) = 2(x1 + x3) + (x2 + x4)

The values from 0 to 6 can be written as follows in ternary: 0− 003; 1− 013; 2− 023; 3− 103;
4− 113; 5− 123; and 6− 203. Replacing the values in our map in Figure 54, we obtain Figure
55:

00 01 11 10

00

01

11

10

x1, x2

x3, x4

00

01

10

02

01

02

11

10

10

11

20

12

02

10

12

11

Fig. 55. Ternary map for function f(x1, x2, x3, x4) = 2(x1 + x3) + (x2 + x4)

We can split this map into two by considering the first and second digits separately as shown
in Figure 57.
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00 01 11 10

00

01

11

10

x1, x2

x3, x4

0

0

1

0

0

0

1

1

1

1

2

1

0

1

1

1

(a) Submap of First Digit

00 01 11 10

00

01

11

10

x1, x2

x3, x4

0

1

0

2

1

2

1

0

0

1

0

2

2

0

2

1

(b) Submap of Second Digit

Fig. 57. Two submaps of ternary map of f

We will now compute the canonical expression for submap a from Figure 57. The truth
vector of submap a is [0 0 0 1 0 0 1 1 0 1 1 1 1 1 1 2]T . After simplification, the canonical
expression is the following:

gx3+x4a1gx2+x4a1gx4a1gx1+x2+x3a1gx3+x4a1gx4a1gx2+x3+x4a1gx4a1gx3+x4a1gx4a2.

Similarly, the truth vector for submap b is [0 1 2 0 1 2 0 1 2 0 1 2 0 1 2 0]T . After
simplification, the canonical expression is the following:

gx4a1gx3+x4a2gx2+x3a1gx4a2gx3a1gx1+x2+x3+x4a2gx3a1gx4a2gx2+x3a1gx3+x4a2.

Using these two expressions, we can create the cascade and circuit for the function.

6 Upper Bound on Number of Gates

Lemma 1: The maximum number of cells in an arbitrary n-variable input cascade is 3 ∗ 2n −
4− n.
Proof: Recall that

F (x1, x2, . . . xn, xn+1) = Fa(x2, . . . xn+1)g
x1Fb(x2, . . . xn+1)g

x1 .

Let A(n) denote the number of a gates in the n-variable input cascade before reduction.
Then,

A(n+ 1) = 2A(n).

We can solve this recurrence relation using its characteristic equation [63]:

λ− 2 = 0

⇒ A(n) = k2n.

Since A(1) = 2, we have k = 1, so A(n) = 2k

Let G(n) denote the number of g gates in the n-variable input cascade before reduction.
Then,

G(n+ 1) = 2G(n) + 2.

This recurrence relation has characteristic equation:

λ2 − 3λ+ 2 = 0
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(λ− 1)(λ− 2) = 0

⇒ G(n) = k12
n + k21

n.

Since G(1) = 2, G(2) = 6, we have k1 = 2, k2 = −2, so G(n) = 2 ∗ 2n − 2.

Note that the first and last a gates and the last g gates can always be removed to reduce the
cascade. Thus, after reduction, the maximum number of a gates is 2n − 2 and the maximum
number of g gates is 2 ∗ 2n − 2 − n. Hence, the total number of gates in the cascade is
3 ∗ 2n − 4− n.

Note that for a k-valued output function, each a gate can be realized using k−1 SWAP gates
and each g gate can be realized using k−1

2 multivalued Fredkin Gates. Hence, by Lemma 1
the maximum number of SWAP or Fredkin gates in an n-variable input with k-valued output
quantum circuit is (k − 1)(2n − 2) + k−1

2 (2 ∗ 2n − 2− n). More specifically, with a maximum

of (k − 1)(2n − 2) SWAP gates and k−1
2 (2 ∗ 2n − 2− n) Fredkin gates.

7 Conclusion

In the past, several authors developed methods to use group theory to design classical binary
logical cascades [2, 9, 10, 16]. In this paper, we have extended the decomposition from [2, 3]
and have created binary input and multivalued output quantum cascades using NOT, SWAP,
and Controlled SWAP gates. The choice of our gates was determined by what is currently
implementable on optical technologies, and the design of our cascades was motivated by
practical quantum layouts. We have also created a method to realize a function with different
valued outputs and have developed seven local transformations to simplify the final cascade
circuits. Through these simplifications, we have shown that an arbitrary n-variable input
cascade has a maximum of 3 ∗ 2n − 4 − n cells, and the maximum number of individual
multivalued Fredkin and SWAP gates in an arbitrary n-variable input and k-valued output
function is (k − 1)(2n − 2) + k−1

2 (2 ∗ 2n − 2− n).
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