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In this paper, we calculate the upper bound on quantum space complexity of the quantum
algorithms proposed by Biasse and Song (SODA’16) for solving class group computation
and the principal ideal problem using the reductions to S-unit group computation. We
follow the approach of Barbulescu and Poulalion (AFRICACRYPT’23) and the frame-
work given by de Boer, Ducas, and Fehr (EUROCRYPT’20) and Eisentriager, Hallgren,
Kitaev, and Song (STOC’14).
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1 Introduction
1.1 Number theoretical problems

The computation of number theoretical problems, or the computational number theory, is
important both as a field of mathematics and in terms of applications, such as developing
algorithms and cryptography. The main objects in these number theoretical problems are
number fields, i.e., finite extensions of the field of rational numbers Q, and their ring of in-
tegers. Most quantum algorithms have the running time exponentially better than the best
known classical algorithms for addressing several theoretical problems or their applications.
There are some problems which are believed to be hard classically but have polynomial quan-
tum algorithms solving them, for example, integer factorisation and discrete logarithm [1],
and the problems for general number fields, like the unit group computation [2, 3], the princi-
pal ideal problem [4, 5], and the ideal class group computation [2, 5] assuming the Generalised
Riemann Hypothesis. These quantum algorithms can be reduced to a type of problem, the
hidden subgroup problems (HSP), that find the subgroup hidden as the period of a function.

In this work, we focus on the quantum space complexity of ideal class group computation
and solving the principal ideal problem. The ideal class group, or simply the class group,
of a number field is the finite abelian group consisting of the equivalent classes of fractional
ideals of the ring of integers. One can also define the class group for an ideal of the ring
of integers as the finite abelian group consisting of invertible fractional ideals of the order.
Class groups appear in many significant problems in number theory, for instance, factoring
large integers and determining principal ideals in a cyclotomic field. The computation of ideal
class groups is also commonly used in other number theoretical tasks such as computing other
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objects of the number field like ray class group, relative class group, and unit group [6, 7],
or in problems like finding Bach’s bound on the maximum norm of the generators [8]. There
is also a close relation to cryptography, for example, the classical subexponential classical
algorithm for integer factorisation [9], and some curve-based cryptography [10] that include
finding relations between elements in the class group.

An ideal is principal if it can be generated by a single element. The principal ideal
problem (PIP) determines whether the input ideal is principal and finds a generator. Like the
class group computation, PIP has applications in computing ray class groups, relative class
groups, unit groups, and S-class groups. Problems such as lattice isomorphism and matrix
similarity can be efficiently reduced to deciding whether an ideal is principal [11]. Since many
cryptographic schemes use principal ideals generated by a short element, PIP is also related
to lattice-based cryptography. Recently, it has been shown that solving PIP in polynomial
time directly induces a polynomial time attack on schemes relying on the hardness of finding
the short generator of a principal ideal [12].

1.2  Quantum algorithms for number theoretical problems

Instead of the ordinary HSP, most recent quantum algorithms for number theoretical problems
are based on a framework called the continuous hidden subgroup problem (CHSP), proposed
by Eisentréger, Hallgren, Kitaev, and Song [3] as a generalisation of HSP to the group R™ for
some non-constant dimension m. As an application, [3] applied CHSP to solve the unit group
problem in polynomial time by constructing an oracle that maps from a group containing the
unit group to a group of ideals and then to a field of quantum states. Recently, Barbulescu
and Poulalion [13] applied the complexity framework proposed by [14] on the unit group oracle
to analyse the space complexity of the unit group algorithm and propose a modified algorithm
for a special case in cyclotomic fields.

Theorem 1 ([13, Corollary 37]) Let K be a number field of discriminant A and unit
rank m. For any error bound T > 0, there exists a quantum algorithm running in time
poly(m,log |A|,logT) using a number of qubits O(m> + m*log|A|) + O(mlogT~t) which
outputs a set of generators for the unit group of K.

Other important applications on the CHSP are given by Biasse and Song [5], which gave a
polynomial time quantum algorithms for computing class groups and solving PIP in arbitrary
degree number fields by reducing the problems to a problem computing the S-unit group.
Notice that the previous works by Hallgren, the polynomial time algorithms for class group
computation [2] and for PIP for constant degree number fields [4], utilise the HSP algorithms
but not CHSP. The S-unit group problem can be viewed as a generalisation of the unit group
problem with |S| more parameters. Hence, [5] follows the way of defining the oracle for unit
groups and extends it to the one for S-unit groups, which makes it possible to reduce the
S-unit group computation to CHSP. A well-known application of the PIP algorithm is the
polynomial time quantum algorithm finding the shortest vector®in an ideal lattice (ideal-
SVP) proposed by Cramer, Ducas, and Wesolowski [15], which applies the PIP algorithm and
a variant of class group computation as dominant parts. For the applications in cryptography,

®The length of the shortest vector is called the minimum distance or the first successive minima.
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since some schemes for post-quantum cryptography rely on the hardness of PIP, [5] indeed
broke some cryptography systems from a theoretical point of view. Nevertheless, a precise
estimation of the quantum time or space complexity is essential in evaluating the threat raised
by the quantum algorithm rather than only knowing it runs in polynomial time.

1.3 Owur results

In this work, we follow the way in [13] of calculating the space complexity of the unit group
algorithm, apply the framework provided by [14] on the oracle for S-unit groups, which is
defined in [5], and derive the space complexity for the S-unit group algorithm.

Theorem 2 Let K be a number field of discriminant A and unit rank m, and let S be a
set of prime ideals such that S = {p1,...,px}. For any error bound T > 0, the S-unit group
computation algorithm from [5] (Theorem 5) uses

k
O(m® 4+ m*log |A| +m* ZIOgN(Pj)) +O(mlogT ™)
j=1

qubits, where N (-) is the ideal norm.

Since the unit rank m has the same order as the degree n, we can rewrite it in the notations
as [5] with a maximum.

Corollary 1 The S-unit group computation algorithm from [5] (Theorem 5) uses O(n® +
ntlog |A| +n* - |S| - maxyes{log N (p)}) + O(nlog 7 1) qubits.

Our result can be viewed as a generalisation of the space complexity given by [13] by taking
the set S to be empty. Applying our result to the PIP quantum algorithm derived by [5],
which with an input ideal a runs in polynomial time in the parameters n,log A (a),log|A|,
we obtain the quantum space complexity for PIP.

Corollary 2 The principal ideal problem algorithm ([5, Theorem 1.3]) uses O(n®+n*log |A|+
n*log N (a)) qubits.

From this result, we expect the number of qubits used for PIP or its applications, e.g.,
ideal-SVP, to be large with respect to the degree of the input number field. Therefore, our
results indicate that, in general, implementing these algorithms may require a large-scale
quantum computer.

2 Preliminaries

2.1 Number field

We follow the definitions in [5]. Let K be a number field with degree n, i.e., n = [K : Q).
Denote by n; and ny the number of real embeddings and the number of pairs of complex
embeddings, respectively. Then n = nj + 2no and the unit rank of K is defined as m =
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n1 + ng — 1. The absolute norm of an element = € K is defined as N (z) =[], o(z) € Q,
where o denotes the n embeddings.

We denote the ring of integers of K by O. Notice that every ring of integers of a number
field is a Dedekind ring, and which implies that any ideal I of O can be uniquely factored
into a product of powers of prime ideals, i.e., I = [[p*»!) with vp(I) € Z and only finitely
many of them are non-zero. The norm of an ideal is defined by N'(I) = |O/I|, and if it is a
principal ideal such that I = (c), then N'(I) = N (). The unit group O* consists of invertible
elements, i.e., the units, in 0. For o € O*, (a) = O.

2.1.1 S-unit group

We now define the S-unit group. The definition is equivalent to the one in [5]. We refer to [16]
for more details. For a Dedekind domain o, define o(X) = {5 |f,g€0,g#£0 modp for p €
X}, where X is a set of nonzero prime ideals of o which contains almost all prime ideals
of o. Let S = {p1,...pr} be a finite set of prime ideals of O, and let Xg be the set of all
prime ideals that do not belong to S. The ring O(Xg) has the units called the S-units. If
S =0, it turns out that O(Xg) = O, which is the special case that the S-units are exactly
the units.” Otherwise, the S-units are the elements o € K such that (a) = p§* -pik for
some ey, ..., e, € Z. Then the S-units form a multiplicative group U(S) and satisfy that for
aeU(9),

_Upl (O() .

a0y, 5, = 0. (1)

2.1.2 FE-ideals

We denote E = R™ x C"2 to be the field for K under canonical embeddings, i.e., for z € K,
(01(2), ..., 0n,4ny(2)) € E, which is called the conjugate vector representation. Since O has
the structure as a Z-lattice, its image under the embedding K — E, which we denote by O,
inherits the lattice structure and can be identified as an R"-lattice. So do the fractional ideals
of O with lattice structures correspond to fractional ideals (lattices) in E.

Definition 1 ([5, Definition 2.1]) An E-ideal is a lattice A C E such thatVa € O,zA C A.

Here state two theorems related to E-ideals that will be used in our proofs.

Theorem 3 ([18, Theorem 2.4.13]) Let L be a Z-submodule of a free module L and of
the same rank. Then there exist positive integers dy, . .., d, satisfying the following conditions:

1. For every i such that 1 < i < n we have d;y1|d;.
2. [L:L)=dydy.
3. There exists a Z-basis (v1,...v,) of L such that (divi,...,dpvy) is a Z-basis of L.

Furthermore, the d; are uniquely determined by L and L.

bFor the definition for S-units given by the valuations or places, it is the case that when S = So, the
Archimedean valuations or infinite places, then the S-units are the units. See, for example, [17].
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Theorem 4 ([18, Theorem 4.7.4]) Let M be a module with denominator 1 with respec
to a given R (i.e. M C R), and W = (w; ;) its Hermite normal form (HNF') with respect to
a basis a1, ...,a, of R. Then the product of the w;; (i.e. the determinant of W) is equal to
the index [R : M].

2.2 The unit group computation algorithm

In this subsection, we review the ideas for the unit group algorithm from [3]. By the properties
of units, one can identify O* as a subgroup of G = R™1 721 x Z5' x (R/Z)"2. To see this, we
consider the mapping ¢ : G—E translating between the log coordinates and the conjugate
vector representation.

¥ :(ula sy Ungtng, K1y - - - )Mn1?917 .. '70n2)
= ((=1)Met, L (=1)Hmetn @20 guniir o 2T0ng pUngtng )

Since the units are the elements z € O with N (z) = +1, for a unit written as z = e%v,
where u € R™ "2 it satisfies that Z;L:f"z u; = 0, and hence R"**"2~1 is enough for the
presentation of units.

The oracle function defined in [3] is a composition of two mappings:

F:Gly {E-ideals} EZN {quantum states},

where f, encodes a lattice L into a quantum state |L) so that it provides a canonical repre-
sentation for lattices, and f. map an element of GG to the principal ideal generated by it.

2.3 The S-unit group computation algorithm

Theorem 5 ([5, Theorem 1.1]) There is a quantum algorithm for computing the S-
unit group of a number field K in compact representation which runs in polynomial time in
the parameters n = deg(K),log |Al,|S| and maxyes{log(N (p))}, where A is the discriminant
of the ring of integers of K.

One of the contributions by [5] is showing how to get an exact compact representation
of the desired field element, which is processed classically. Notice that similar to the unit
group, the S-unit group can be identified as a subgroup of G = G x ZI5| = Rmatna—1 Zy* X
(R/Z)™> x Z!S!, where ZI®! corresponds the valuations (exponents) of the prime ideals in S.
The algorithm for Theorem 5 applies the CHSP framework from [3] with an HSP oracle

F .Gl {E-ideals} ELN {quantum states},

where f/ is defined as

Fiysvrsvps) = o(y) - O pr ™ - op g,
and fq is defined as the one in [3], which can be extended from E-integral ideals to E-fractional
ideals. By the property of S-units, 7’ hides the subgroup of G, denoted by U(S), identified
as the S-unit group. The periodicity of f. on U(S) is proved by Proposition 5.1 in [5]. We
rephrase it as follows.
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Proposition 6 ([5, Proposition 5.1]) For any (y, (v;)) and (', (v})), let (u, (w;)) = (¢, (vj))—
(y,(v;)). Then the function f, satisfies that

fe' (v7)) = fily, (v3)) & @(u) € U(S).

In particular, vy, (¢(u)) = w;,Vj =1,...,|S| if p(u) € U(S).

Distances. In Section A.3 of [3], the distance between two lattices is defined as the geodesic
distance on the group GL,(R) between their bases matrices B and B’. Here, to specify the
distance by lattice but not its bases, we modify the definition as stated below.

Definition 2
dist, (L, L') := inf{||A||2 : e* By = Br, By, and By, are bases for L and L', respectively},
where ||(aji)llz = \/22;x lajkl?-

On the other hand, the definition of the distance for the elements in the domain in [5] and
for the lattices are defined as follows.

Definition 3 ([5, Definition 5.2]) Let (2, (v));<s)) and (2', (v}) <|s|), we define their dis-
tance in G/U(S)7 diStG/U(S)((Z7 (Uj))a (Zla (U;)))7 by

inf{|lal| +Z lwjlejlog(py) such that (2, (v});<is)) = (2, (vj);<|s)) + (a; (wy)) +u,u € U(S)},

J

where ||a|| is the Euclidean norm of the vector corresponding to a in R™ "2 x 751 x (R/Z)"2.
The p;,e; are defined as N (p;) = p;j.

Definition 4 ([5, Definition 5.3])
dist(L, L") = inf < ||a| + Zlog(dj) +nlog(d) such that La = e% &) B, diag(d;/d)  ,
J

where L runs over all the matrices of a basis of L' /L such that there is a matriz B,, of an
integral basis of O, dj,d € Lo, and ||a| is the Euclidean norm of the vector a € R™*"2 x
75 x (R/Z)"2 corresponding to (a;j)j<n € E satisfying La = e%28(%) B, diag(d;/d).

The definition for L’'/L is not explicitly stated in [5], but it can be realised from the
statements and proofs in the paper as L' /L = p(2' — 2) O] p;(vjivj).
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2.4 Complexity of the CHSP framework

The complexity of the CHSP framework from [3] is studied in [14, 13]. An HSP oracle hiding
L on R™ for some positive integer m is defined as follows.

Definition 5 ([3, Definition 1.1]) A function f : R™ — H, where H is the set of unit
vectors in some Hilbert space, is said to be an (a,r,€)-HSP oracle of the full-rank lattice
L C R™ if

1. f is periodic on L;
2. f is a-Lipschitz;

3. For all z,y € R such that distgm /1,(x,y) > 7, it holds that |(f(x)|f(y))] < €.

Theorem 1 from [13] calculates the space complexity for the unit group algorithm from [3].
According to [13, Lemma 21, Lemma 34 and Corollary 37], one can obtain that O(log(1/A})) =
O(m + Llog|A|), where A} is the first successive minima of the dual lattice of L, and the
following corollary on the complexity of the CHSP framework applied on an HSP oracle f.

Corollary 3 ([13]) Given access to an HSP oracle f, the CHSP algorithm uses
O(m?log Lip(f) + m*log|A|) + O(mlog 1)

qubits.

In [14], the algorithm of [3] is rigorously analysed (and modified) as follows. The oracle
function is considered on a restricted domain D" = %Zm /Z™ with the parameter ¢ relating
to the space complexity, and H is a subset of a Hilbert space of dimension 2". The input state
is a Gaussian superposition over the representatives x € Dig, == %Zm N [—%, %)m of D™ with
the parameter s € R. The algorithm has oracle access to f which maps |z)|0) to |z)|f(Vz))
with the parameter V € R. The first register uses mlog ¢ qubits, and the second register uses
N qubits. Reference [14] denotes that logq =: @ and gives the number of qubits needed for
the oracle as follows.

Theorem 7 ([14, Theorem 2]) There exists dual lattice sampler quantum algorithm
with the error parameter n > 0 and the relative distance parameter 1/2 > 6 > 0 which
uses one quantum oracle call to f, Qm + N qubits, where

aofom(umd)) o ((50)).

Later in [13, Corollary 37], the number of qubits for the second register is claimed that
one stores the values of f on Qm qubits.
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Lipschitz constant. Consider the quantum encoding part, f;, in the oracle functions for
both the unit group algorithm and the S-unit group algorithm. The Lipschitz continuity for
fq is proven as stated below.

Theorem 8 ([3, Theorem D.4]) ||f,(L)) — |£,(L'))]| < Lip(f,) - disty (L, L').

From this result, [3] derived the value of Lip(F), and the order of log Lip(F) is given
in [13].

Theorem 9 ([13, Theorem 36]) log, Lip(F) = O(m? + mlog|A|).

3 Proof for the main theorem

To prove Theorem 2, we need the Lipschitz constant for F’'. Since the Lipschitz constants
depend on the distance chosen, the approach is to calculate the Lipschitz constant for f.
with the distance dist(, -) between the ideals (Lemma 2), and the relation between distances
dist(-,-) and disty(-, -) (Lemma 1). Combined with Theorem 8, one can obtain an upper bound
for log Lip(F’) from the upper bound for log Lip(F). Therefore, we will use the following two
lemmas shown at the end of this section.

Lemma 1 For any E-ideals L and L', disty(L, L") = O(n*"*? 4+ ], N(p;)™) - dist(L, L")
holds for some constants c;.

Lemma 2 For any z,y € G and L = fl(z),L' = fl(y),
dist(L, L") = O(n) - distqu(s) (2, y)

holds.

Proof. (for Theorem 2) Combining Theorem 8, Lemma 1 and Lemma 2, we have that

1£2(2)) = [fe@)] = O | n*"* + HN(P]‘)C’” -Lip(fy) - disteu(s) (%, y)

for some constants c;, which implies that
Lip(F') = O ( m*" "3 + [[ N (p;)™ - Lip(F) | ,
J

and hence
[S|

log Lip(F') = O | m? + mlog|A| erZlogN(pj)

Jj=1

by Theorem 9.
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Notice that in [5, Theorem 5.4], it is shown that the (Lip(F’),r, €)-HSP oracle F' reduces
to an (Lip(F"), 7, €)-HSP oracle F defined on R” with 7 = 2(n; 4+ ng)+|S| — 1, and moreover,
O(log Lip(F")) = O(log Lip(F")). In order to apply the CHSP framework ([14, Theorem 1])
on F’, one needs that € < 1/4. According to [13, Theorem 36|, we can take tensor product
®°F' with a constant ¢ large enough such that the resulting oracle hides the same lattice. It
isa(c Lip(]:"), 7, €°)-HSP oracle satisfying that e¢ < 1/4. Hence by applying Corollary 3 with
f = F, we obtain the number of qubits

S|
O(m® 4+ m*log |A| +m?* Zlog/\/(pj)) +O(mlogr™1)
j=1

as claimed. O
Below, we give the proofs of the two lemmas.

Proof. for Lemma 1 Fix L = cp(z)QHpj_”j and L' = cp(z’)QHp;v;. Let a,d;,d be
ones that satisfy dist(L, L) = |la|| + >_; log(d;) + nlog(d). We first consider the special case
by assuming that d; = d = 1 for all j such that La = ediag(@) B Therefore, without loss
of generality, we can write L' /L = ¢(z' — ,z)Q]_[p;(vaj)7 where — (v} —wv;) > 0 for all j. Tt
is implied that 1/p(2)L 2 L, and that there exist the HNF-basis H for L' and a matrix A
satisfying e4 = Hedi2e((=2)i) such that

disty (L, ') < || Al
n? - det(H) - dist(L, L")
<n® [N (p;)% - dist(L, L)

by Theorem 4 for some constants c;.

Now suppose that not all of d; and d are ones, so that 3 log(d;) + nlog(d) > log 2. Since
L and L' are fractional ideals of O, there exist a,a’ € K such that they can be written as
L=21M and L’ = LM for some integral ideals M, M’ in O. Let W, W’ € GL,(Z) denote
the HNF-bases such that éWBw and %W’ B,, are basis for L and L', respectively. Under the
condition, we can obtain an upper bound for the matrix A satisfying that e4 = o/a/W'W 1
by Theorem 4 and the inequality dist(L, L') > log2 derived from the above.

disty (L, L) < || All2
2= l2

<=
AWl
<”2HNPJ \/Z]‘w | det W[
n(n+1 , +1
S”ZHN(%)"-’*”(% T, an M
: : :

2

< 1;2 (("H) HN p)hm . dist(L, L)
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for some constants f; and h;.
Hence we can obtain that disty(L, L') = O(n*"*2 + [, N'(p;)"™) - dist(L, L') as claimed.
a

Proof. for Lemma 2 Fix L = w(z)QHp}” and L' = @(z’)QHp;}j that are the images
of (z,(vj)) and (2, (v})) under the map f;, respectively. We write

dister/u(s) (2 (0)), (2, (W) = llz = 2/ —ul + Y vy = vj — wjle; logp

for some (u, (w;))) € U(S). Notice that if (2 — 2’ — u, (v; — v} —w;)) = 0, ie., (2, (v;))
and (2, (v})) satisfy the condition in Proposition 6 that they are different by an S-unit, then
L = L', and moreover, L' /L. = L /L' = O, which implies that

dist(L, L") = distq/u(s)((2, (vy)), (2, (v))) = 0.

Now we suppose that (z—2"—u, (v; —vj—w;)) # 0 and that 2, 2’, v;, v} satisfy the infimum,

Le., distg/u(s)((2, (v))), (2, (v)))) = ||z = 2| + >_ [vj; — v}lej log p;. From the definition of the
distance dist(+,-) among E-ideals, we have that

dist(L, L) < ||z — 2'|| + Zlogdj +nlogd
J

for some dj,d € Z such that [[d; = HN(pj)min{_(vg_”j)’o} and d < HN(pj)maX{_(U;_Uj)’o}
by Theorem 3. Therefore, the upper bound for the distance can be taken as

dist(L, L) < ||z = 2/ + n Y _ c;log N (p;)
J

for some constants c¢;. Then we can derive that

dist(L, L") < |z = 2| +n Z cje;logp;
J
< nh; - distu(s) (2, (v;)), (2, (v)))),
where h; are constants. Hence, it follows that

dist(L, L') = O(n) - diste,u(s) (2. (v;)), (2/, (v})))

as claimed. O

4 Reductions to S-unit computation

Reference [5] proposed two problems that can be reduced to S-unit group computation, the
class group problem, and the principal ideal problem.

4.1 Class group problem

In the class group algorithm from [5], the set is taken as

Scap = {p: prime | N(p) < 48(log |A])?},
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and the output is the Smith normal form (SNF) of the valuations of the result of Scgp-
unit group computation. The computation of the SNF is classical, so for the quantum space
complexity, it suffices to evaluate |Scgp|. We approximate the number of rational primes
smaller than 48(log|A[)? with the following theorem, which was first discovered by Gauss;
see, for example, [19]. Denote by 7(z) the number of rational primes less than x.

T
logz

Theorem 10 (The prime number theorem) w(z) ~ as x — oo.

Let e = Ugi ;”J and p denotes a rational prime number. Then the number of rational

prime powers that are smaller than x is

1 1

X X2 €Te
1+---4+ l=—+ 4+ —
Z pz logz ~ Llogx Lloga

p<1 <z

and has the order O(z/log ). From Corollary 1, we can obtain the quantum space complexity
of the class group algorithm.

Corollary 4 Under the Generalised Riemann Hypothesis, the class group computation algo-
rithm ([5, Theorem 1.2]) uses O(n® + n*(log |A])*/loglog|A|) + O(nlog T~1) qubits.

4.2 Principal ideal problem

In the algorithm reducing PIP to S-units from [5], the first step, that factors the input ideal
to the product of powers of prime ideals a = p{* ---pi*, is quantum. The set S is taken to
be the prime ideals dividing the ideal, i.e., Sprp = {p1,...,pr}. The last step following the
Sprp-unit group computation is to classically solve equations on the valuations.

For the ideal factorisation, we follow the algorithm from [7, Algorithm 2], which shows
that factoring integers is the only computationally difficult part.

Proposition 11 ([7, Lemma 4.1]) Factoring fractional ideals of K into a product of prime
ideals of O reduces to factoring integers in polynomial time in log |A| and n.

A fractional ideal I is given as d € O and A, the integer which makes dI an integral ideal
and a matrix of a basis of O, respectively.

1. Compute the norm N = N (dI).
2. Factor N = [[p® with e, > 0.
3. For each p dividing NV, compute the prime ideals p1,...,px above p.

4. For each p dividing N, and each p D pO from Step (3), compute v,(dI), giving the
exponent of p in the factorization of dI.

5. For each p found with nonzero valuation, output p, v, (dI). We have dI = []pv»D.
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6. Repeat steps (1)-(5) for the integral ideal dO, then subtract the exponents of dO from
the exponents computed above for the ideal dI for each prime, giving the primes p and
the exponents v, such that I =[] p".

By the multiplicative rule of the ideal norms, for a = [ p¥#(=, we can factor its norm into
N(a) = [[N(p)?*@. Therefore the norms of da and d will be N'(da) = [N (p)™*{% ¥} and
N(d) = N(dO) =[] N(p)~ ™ir{0ve@)}  respectively. Hence, if we only do Step 2 in quantum,
which factors positive integers N'(da) and N (dO), then by [1], the number of qubits used
for ideal factorization will be O (log (N(d) - (M (a) +1))) = O(log N'(a)). By Theorem 2, to
compute the Sprp-unit group costs O(n’+nlog |A] +n*log N'(a)) +O(nlog 7—1) qubits, and
hence it turns out to be the quantum space complexity for PIP as claimed in Corollary 2.
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